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Abstract 
This work is devoted to examine the performance of the constraining layer of the active constrained layer damping (ACLD) 
treatment made of the active fiber composites (AFC) materials for vibration control of functionally graded (FG) beams. The task 
of investigating the performance of the active constrained layer damping (ACLD) treatment has been accomplished to demonstrate 
the use of AFCs as the materials for distributed actuators. Finite Element (FE) model is developed to describe the open loop and 
closed loop dynamics of the FG beams integrated with the patches of the ACLD treatment. The closed loop frequency response 
functions computed by the FE models reveal that the ACLD treatment with its constraining layer composed of AFC material 
significantly enhances the damping characteristics of the FG beams. 
The performance of the ACLD treatment when the orientation angle of the piezoelectric fibers of the AFC constraining layer is 
varied has also been investigated. Such variation of piezoelectric fiber orientation angle significantly affects the controllability of 
the ACLD treatment for active damping of the FG beams. The investigations carried out here may be useful for further experimental 
verifications and suggest the potential use of AFC materials for developing new distributed actuators of light-weight smart 
structures. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
Smart materials are the materials in which one or more properties can be significantly changed in a controlled 
fashion by external agents such as stress, temperature, moisture, electric or magnetic fields. These materials have 
properties that react to changes in their environment. This means that one of their properties can be changed by an 
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external condition, such as temperature, light, pressure or electricity. This change is reversible and can be repeated 
many times. There are many groups of smart materials, each exhibiting particular properties which can be used in high 
technology. These include shape memory alloys, piezoelectric materials, magnetorheological and electrorheological 
materials, magnetostrictive and chromic materials that change their color in reaction to various stimuli. 
1.1. Piezoelectric composites 
The piezoelectric element has both direct and inverse effects that enable its use as an actuator or a sensor. The 
direct effect is defined as the generation of an electric charge in proportion to an applied force, and the inverse effect 
induces an expansion or contraction under an applied electric field. Hence, a simplified ACLD configuration is 
developed with the benefit of the dual nature of the piezoelectric element as a self-sensing actuator [2, 18, 19]. Even 
though piezoelectric materials play a major role in achieving active damping in structures, they possess low control 
authority because their monolithic piezoelectric stress/strain constants are quite small in magnitude [20]. The fibers 
are subjected to a constant electric field in the direction transverse to the fiber direction, wherein the electric field is 
assumed to be the same for both the fibers and the matrix [14, 20]. Various micromechanics models were proposed to 
predict the effective properties of these PZCs from the properties of constituents [1]. One of the piezoelectric 
composites that are commercially available is Active Fiber Composites (AFC). These AFCs are composed of PZT 
fibers embedded in the epoxy matrix and sandwiched between two interdigitated electrodes as shown in Fig. 1. 
Fig. 1.  Schematic presentations of Active Fiber Composites. 
1.2. Active Constrained Layer Damped (ACLD) 
The methods to overcome structural instability and to eliminate noise due to vibration include the isolation of the 
system from the source of vibration, redesign of the system, the attachment of masses, and the applications of damping 
treatments to the structure. There are distinctively two structural types of damping treatments, free-layer 
(unconstrained) and constrained layer damping (CLD) treatments. Free-layer damping treatments only refer to passive 
damping treatments, while CLD treatments consists of both passive and active damping treatments, also known as 
passive constrained layer damping (PCLD) and active constrained layer damping (ACLD), respectively. The Fig. 2 
shows the methods of unconstrained layer damping, passive constrained layer damping (PCLD) and active constrained 
layer damping (ACLD). 
Fig. 2. Layer damping treatments: (a) free or unconstrained layer damping, (b) Passive constrained layer damping (PCLD), (c) Active constrained 
layer damping (ACLD). 
PCLD treatments have been widely used to solve vibration problems in automotive, computer hardware, military, 
and aerospace industry [2]. These vibration solutions have led to many applications such as inlet guide vanes of jet 
engines, helicopter cabins, exhaust stacks, satellite structures, equipment panels, antenna structures, truss systems, 
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and space stations, etc. [3]. Conversely, if an active element in the form of a piezoelectric material is attached to the 
passive viscoelastic material, it is known as an active constrained layer damped (ACLD) treatment. ACLD treatments 
are superior to PCLD treatments since they facilitate the control of low-frequency modes [2]. 
Stanway et al. [2] discussed the progression from PCLD to ACLD, where a piezoelectric layer acts as the 
constraining layer. ACLD treatments greatly increase performance by enabling vibration control at low frequencies. 
With this advancement from PCLD to ACLD, vibration can now be controlled at both the high modes and low modes 
due to the passive and active elements, respectively. The active element consists of an actuator, usually in the form of 
a piezoelectric layer, which increases the beam's deformation. This, therefore, enhances the damping capability of the 
viscoelastic layer [2, 3]. Balamurugan and Narayanan [3] examined the development of a beam finite element model 
that has been partially covered with the ACLD treatment. Gao and Liao [18] analyzed a simply-supported beam with 
enhanced self-sensing constrained layer (ECLD) treatments. Stanway et al [2] highlighted practical applications of 
ACLD. They presented various actuator and sensor configurations that have been investigated by other researchers 
and also discussed the development of some modeling and control techniques. Trindade and Benjeddou [19] described 
numerous hybrid damping treatments, geometric configurations, modeling approaches and control algorithms of 
beams. 
1.3. Smart Functionally Graded structures  
The mechanical properties such as Young’s modulus, Poisson’s ratio, Shear Modulus of elasticity and material 
density of functionally graded materials (FGMs) vary smoothly and continuously in preferred directions in FGMs. In 
an endeavor to develop the super heat resistant materials, Koizumi [4] first proposed the concept of FGMs. Some 
typical applications are aircraft fuselages in the aerospace industry, rocking-motor casings in the military industry, 
packaging materials in the microelectronic industry, engine components in the automotive industry, human implants 
in the biomedical industry, as heat exchanger tubes, space craft heat shields, fly wheels, plasma facings for fusion 
reactors and so on   [5-8]. Thin functionally graded materials are usually in the form of surface coatings, there are a 
wide range of surface deposition processes to choose from such as vapour deposition techniques like sputter 
deposition, Chemical Vapour Deposition (CVD) and Physical Vapour Deposition (PVD), plasma spraying, electro 
deposition, electrophoretic, Ion Beam Assisted Deposition (IBAD), Self-Propagating High-Temperature Synthesis 
(SHS), etc [9,10]. Figure 3 represents a plate composed of functionally graded materials made of ceramic and metal 
constituents. 
The material properties vary across its thickness in a smooth and continuous manner. Material property variations for 
FG materials are derived from either Power Law Gradation or Exponential Gradation Law. In this study, it is assumed 
that the FG beam is made of ceramic and metal, and the effective material properties of the FG beam vary continuously 
in the thickness direction according to power-law form introduced as follows [15]: 
 
 
Fig. 3. Schematic representation of isotropic FG plate made of ceramic and metal. 
    1 2 km c cP Z P P Z h P                                                                                                                                                    (1) 
where k is the non-negative variable parameter called “power-law exponent” which dictates the material variation 
profile through the thickness of the beam, m and c stand for metal and ceramic constituents, respectively and P denotes 
the property of the FG material. Researchers have used the exponential function to describe the properties of FGMs 
as follows [18]:  
    212 21 hzEElnheEZE                                                                                                                                                   (2) 
The present three-layer system consists of a host beam that is made of functionally graded material (FGM), with 
a viscoelastic layer sandwiched between the constraining layer of active fiber composite and the host beam. The abrupt 
change in material properties can result in delamination due to large interlaminar stresses, and the initiation and 
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propagation of cracks because of large plastic deformation at the interfaces [14]. FGMs are able to overcome these 
adverse effects since they are engineered to have a smooth spatial variation of material properties. The element-free 
Galerkin method and standard Galerkin formulation for two dimensional elasticity problems were considered [15]. A 
new model based on high-order sandwich panel theory was implemented. The formulations consisted of the classical 
beam theory for the face sheets and an elasticity theory for the FG core. It was concluded that increasing the in 
homogeneity of the core led to higher natural frequencies of the beam modes [16]. The core thicknesses of the FG 
core were chosen such that the flexural stiffness of the sandwich beam was equal to that of the beam with a 
homogeneous core. The results indicate that functionally graded cores can be used effectively to mitigate or avoid 
impact damage in sandwich structures [17]. Ray and Sachade [14] derived the exact solution for the static analysis of 
FG plates integrated with a PFRC layer. In this work, the Poisson's ratio, density, and Young's modulus vary 
throughout the thickness of the beam. Two different functions of FGMs are investigated: power-law functions and 
exponential function. 
2. Finite Element Model 
Figure 4 (a) shows a cantilever FG beam of length L and thickness h integrated with the ACLD treatment on its top 
surface. The middle plane of the substrate FG beam is assumed as the reference plane and the origin of the global 
coordinate system (X, Z) is located on this reference plane such that X = 0, L denote the ends of the overall beam. The 
thickness of the overall FG beam is small and the first-order shear deformation theory (FSDT) is used to describe the 
kinematics of the axial deformations. Figure 4 (b) shows kinematic of axial deformation. 
The variable u0 represents the generalized translational displacement of a point (X,0) on the reference plane (Z = 0) 
along the x direction; 
xT , xI  and xJ  denote the generalized rotations of the normal to the middle planes of the substrate 
beam, the viscoelastic layer and the piezoelectric composite (AFC) layer, respectively, in the XZ plane. 
zT  , zI  and
zJ  are the generalized displacements representing the gradients of the transverse displacement in the substrate beam, 
the viscoelastic layer and the AFC layer respectively, with respect to the thickness coordinate (Z).  
 
 
Fig. 4. (a) Schematic representation of a functionally graded beam integrated with the ACLD treatment composed of active fiber composite 
constraining layer. (b) Kinematic of axial deformation. 
The axial displacement u and the transverse displacement w of the beam can be written as, 
 
     txztxutzxu x ,,,, 0 T  and      txztxwtzxw z ,,,, 0 T                                                                      (3) 
 
For viscoelastic layer, the displacements are 
       0, , , , ,2 2x x
h h
u x z t u x t x t z x tT M§ ·   ¨ ¸© ¹                                             (4) 
       0, , , , ,2 2z z
h h
w x z t w x t x t z x tT M§ ·   ¨ ¸© ¹
                                            (5) 
For AFC layer, the displacements are 
         txhzhtxhtxutzxu xxvx ,,2,,, 20 JIT                                             (6) 
         txhzhtxhtxwtzxw zzvz ,,2,,, 20 JIT                                             (7) 
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For the ease of analysis, the generalized displacement variables are grouped into translational { td } and rotational {
rd } variables as follows: 
^ ` > @Tt wud 00  and^ ` > @Tzxzxzxrd JJIITT .                                             (8) 
Now, using linear strain–displacement relation the constitutive relation for the FG material can be written as 
^ ` > @ ^ ` ^ ` TC bbb ' DHV  and ^ ` ^ `^ `sss C HV                                              (9) 
where > @ > @sb CC , -Elastic co-efficient matrices ( functions of Z) 
Total Potential Energy  
^ ` ^ ` ^ ` ^ `  ³³  Av sTsbTbe PwdAdvp VHVH                                                                                                                  (10) 
Kinetic Energy > @^ `eteT.etek dMdT ¿¾½®¯­ 21                                            (11) 
Using Extended Hamilton’s Principle, the governing equations are obtained. 
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Global Equations of motion is 
> @ > @^ ` > @^ ` ^ ` ^ ` ^ `Tbtprtrttt FVFFXKXKtM X  ¿¾
½®¯­
..
                                                                                      (13)
 
> @ ^ ` > @^ ` ^ ` ^ `TrrprrrtTtr FVFXKXK         
In order to study the performance of the FG beams in frequency domain, it is considered that the beams are subjected 
to time-harmonic excitation force and the motion is harmonic. Thus it can be written that 
The following algebraic equation of motion are obtained 
^ ` ^ ` ^ `FKX eq 1  Where, ^ ` > @ > @ ^ `*2 KCiMK deq  ZZ  
Computation of {X} for any excitation frequency derives the frequency response functions of the beams coupled with 
the ACLD treatment.        
3. Development of simulation model 
Modelling and analysis of the characteristics of functionally graded material is carried out using ANSYS 14.0 
software. The FGM material characteristics, under mechanical load is studied in cantilever beams, were modelled in 
3-D. Figure 5 (a) shows the FGM beam with ten layers. The material properties of the FGM vary with the thickness, 
so the model is to be broken up into number of layers in order to provide the change in properties. The materials in 
these layers are treated like isotropic and the material properties are calculated from the bottom surface using power 
law form. The properties are then layered together to establish the throughout thickness variation of material 
properties. Though the layer structure does not capture the gradual change in material properties but a sufficient 
number of layers can reasonably approximate the material gradation. In this work, a ten layer cantilever FG beam is 
modelled as shown in Fig. 5 (a) and (b) explains the discretization of this model.        
4. Results and Discussions 
Using the models developed in the previous chapter, numerical results are obtained and presented here. The FG 
beam is considered to be made of ceramic and metal and the effective material properties of the beam vary 
continuously in the thickness direction (along z-direction) according to the power law explained in equation (1).   The 
material properties of the constituents of the FG beam are considered as Em=70 GPa, νm=0.3, Ec=200 GPa, νc=0.3 and 
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these properties vary across the thickness of the beam according to the power law. The variation of the young’s 
modulus along the thickness of the FG beam is obtained and presented in Fig. 6. 
                                         
                                         (a)                                                                                        (b) 
Fig. 5. (a) Simulation Model for the FG beam. (b) Discretization of the Model of FG beam. 
 
Fig. 6. Variation of the Young’s Modulus through the thickness of the smart FG Beam. 
The thickness of the substrate FG beam, the viscoelastic layer and the piezoelectric layer are considered as 5, 0.2 
and 1 mm respectively while the length of the substrate is taken to be 0.5 m. The material properties of the viscoelastic 
constraining layer according to the complex modulus approach are considered here and the complex shear modulus, 
the Poisson ratio and the density of the viscoelastic layer are used as 20(1+i) MN/m2, 0.3 and 1140 kg/m3, respectively. 
For the Piezoelectric Layer, the effective properties of the AFC material considered here are 
222
665544221211 7121152514393532914815751138 m/C.e,m/C.e,m/C.e  GPa,.CGPa,.CCGPa,.CGPa,.CGPa,.C 153331           
The density of the AFC material is taken as 6400 kg/m3. Using the simulation model developed through ANSYS 
software the static deflection characteristics are studied and presented in Table 1.  
                 Table 1. Maximum transverse deflection for cantilever FG beam for various values of power-law exponent under mechanical load. 
Power-law exponent Deflection(m) 
k=0(full metal) 2.88E-06 
k=0.2 2.21E-06 
k=0.5 2.02E-06  
k=1 1.83E-06 
k=2 1.63E-06 
k=5 1.27E-06 
k=100(full ceramic) 1.01E-06 
The static deflection decreases when the power law exponent increases which shows an increase in the stiffness 
of the structure with the increased power law exponent. The deflection data are obtained from the analysis software 
for k = 0.2 are shown in Fig. 7. Numerical analysis has been carried out for simply supported FG beam under 
mechanical load. Table 2 shows the maximum displacement of simply supported beam for various values of power-
law exponent under mechanical load. As before, it is seen that the grading of material from metal to ceramics increases 
the stiffness of the beam and the corresponding deflection data are shown in Fig. 8 (a). 
Next Numerical analysis has been carried out for clamped-clamped FG beam under mechanical load. Table 3 shows 
the maximum displacement of clamped-clamped beam for various values of power-law exponent under mechanical 
load. As before, it is seen that the grading of material from metal to ceramics increases the stiffness of the beam and 
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the corresponding deflection data are shown in Fig. 8 (b). 
Table 2. Maximum transverse deflection of simply-supported beam for various values of power-law exponent under 
mechanical load. 
Power-law exponent         Deflection 
k=0(full metal)            3.2E-07 
k=0.2            2.57E-07 
k=0.5            2.09E-07 
k=1            1.94E-07 
k=2            1.87E-07 
k=5            1.52E-07 
k=100(full ceramic)            1.12E-07 
 
Fig. 7.  Deflection plot of functionally graded cantilever beam under mechanical load (k=0.2). 
                                                         
(a)                                                                                                     (b) 
Fig. 8. (a) Deflection of simply supported (b) Deflection of clamped-clamped FG beams under mechanical load (k=0.2). 
Applying a voltage of 100V to the piezoelectric layer with Permittivity constant of 8.854e-12, the transverse 
deflection for different power law exponent in the absence (passive) and presence of voltage (active) has been 
determined. It may be noted that the piezoelectric layer contributes significantly for the deflection control of the FG 
beam. Also, as expected, both for the active and passive cases, the non-dimensional deflection decreases as the power 
law exponent increases. 
The transverse deflection for different power law exponent for a simply supported FG beam in the absence of 
voltage (passive) and in presence of voltage (active) has been determined. It may be noted that the piezoelectric layer 
contributes significantly for the deflection control of the FG beam. Also, as expected, both for the active and passive 
cases, the non-dimensional deflection decreases as the power law exponent increases. Similarly the transverse 
deflection for different power law exponent for a clamped-clamped FG beam in the absence of voltage (passive) and 
in presence of voltage (active) are determined. It may be noted that the piezoelectric layer contributes significantly for 
the deflection control of the FG beam. Also, as expected, both for the active and passive cases, the non-dimensional 
deflection decreases as the power law exponent increases.  
The transverse deflection (passive and active) of the FG beams for various power law exponent are determined 
when the beams are subjected to concentrated loads. For the cantilever beam, the concentrated load is applied at the 
free end while for the simply supported and clamped beams; the load is applied at midspan. It has been observed that 
the piezoelectric layer contributes significantly for the deflection control of the FG beams. Also, as expected, both for 
the active and passive cases, the non-dimensional deflection decreases as the power law exponent increases. 
Using the developed finite element model, results are obtained using the following material properties for FG beam 
and the ACLD treatment. The length and thickness of the beams are considered as 0.5 and 0.005 m, respectively. 
Unless otherwise mentioned, the thicknesses of the viscoelastic layer and the piezoelectric layer are considered as 
0.0002 and 0.001 m, respectively, and the ACLD treatment is considered to cover 60% of the length of the substrate 
beam. Now, using the mathematical model explained, frequency responses are obtained when the piezoelectric 
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constraining layer is passive (V=0) and active (V≠ 0). Figure 9 illustrates the frequency response function for the 
transverse displacement at free end (L, 0) for the cantilever FG beam. This Figure displays both the uncontrolled and 
controlled response and clearly indicates that the constraining layer made of active fiber composite material 
significantly attenuates the amplitude of vibrations, enhancing the damping characteristics of the overall FG beams 
over the passive damping (uncontrolled). 
               Table 3. Maximum transverse deflection of clamped-clamped beam for various values of power-law exponent under mechanical load. 
Power-law exponent Deflection 
k=0.2 8.66E-08 
k=1 6.15E-08  
k=2 5.51E-08 
k=5 4.16E-08 
 
Fig. 9. Frequency response for the transverse displacement w (L, 0) of cantilever FG beam. 
In order to investigate the performance of ACLD treatment under different boundary conditions, results are 
computed and frequency response plots for the simply supported FG beams and clamped FG beams are illustrated in 
figures 10 (a) and (b). It may be observed from these Figures that the ACLD treatment significantly enhances the 
damping characteristics of the simply supported and the clamped FG beams.  
Figure 11 shows the frequency response plots (controlled) for the cantilever FG beam integrated with ACLD 
treatment when the power law exponent (k) for the FG material is varied. It may be noted that when the value of k 
increases, the beam becomes ceramic rich and the higher mode frequency increases significantly. For all the cases, 
the performance of the ACLD treatment is satisfactory for enhancing the damping characteristics. 
5. Conclusions 
Active Fiber composites (AFC) are commercially available and characterized by good effective elastic and 
piezoelectric properties. The performance of the active constrained layer damping (ACLD) treatment whose 
constraining layer is made of the AFC material has been studied. Finite element model of Functionally Graded beams 
integrated with such ACLD treatment has been developed. 
Also a simulation model is developed using the ANSYS software. The main novelty of the work presented in this 
Thesis is that the constraining layer of the ACLD treatment is considered to be composed of the Active Fiber 
Composites. Unlike the existing finite element models of smart structures integrated with ACLD treatment, the present 
finite element model has a derivation also based on transverse deformation of the substrate beams, the constrained 
viscoelastic layer and the constraining piezoelectric composite layer of the ACLD treatment along the thickness (i.e. 
z) direction. 
The frequency responses of the cantilever simply supported and Clamped FG beams indicate that the active 
constraining layer of the ACLD treatment made of Active Fiber composite material significantly enhances the 
damping characteristics of the beams over the passive damping. On the basis of the present study it may be suggested 
that the AFC materials can be used effectively for the material of distributed actuators for developing very lightweight 
smart structures. 
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(a)                                                                                                                  (b) 
Fig. 10. (a) Frequency response for the maximum transverse displacement of simply supported   FG beam. (b) Frequency response for the 
maximum transverse displacement of clamped   FG beam. 
 
Fig. 11. Frequency response for the maximum transverse displacement of Cantilever FG beams for different values of power law index. 
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